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At sufficiently high laser intensities, the magnetic-field component of the laser field can strongly influence
the stabilization of atoms in the high-frequency regime by inducing motion along the laser pulse propagation
direction. Using a two-dimensional model atom, we investigate how the duration of the laser pulse affects
stabilization in this nondipole regime. Results obtained using a fully spatially dependent vector potential are
compared to a long-wavelength approximation. We also discuss nondipole effects when the atom interacts with
two counterpropagating pulses.
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The surprising stability against ionization of atoms inter-
acting with an intense high-frequency laser field has been the
focus of much research over the last decade @1#. Termed
atomic stabilization, many aspects of this phenomenon can
be understood by performing a Kramers-Henneberger ~KH!
transformation to the rest frame of a classical electron in the
laser field. In particular, by developing a high-frequency Flo-
quet theory ~HFFT! in the KH frame @2–4#, stabilization can
be seen to have its origin in the rapid quiver motion of the
laser-driven electron about the nucleus. This allows the elec-
tron dynamics to be described by an effective cycle-averaged
potential. Subsequent ab initio Floquet calculations con-
firmed that ionization rates decrease with increasing intensity
in a high-frequency field @5#. By directly integrating the
time-dependent Schro¨dinger equation numerically, simula-
tions in one @6#, two @7#, and three dimensions ~with cylin-
drical symmetry! @8# demonstrated reductions in the ioniza-
tion probability with increasing laser intensity when an atom
interacts with realistic laser pulses having a finite duration
@9#. Further work has been carried out in order to elucidate
the effects of the pulse shape and duration @10–12#. Investi-
gations of stabilization have stimulated the development of
ab initio numerical methods to simulate atoms driven by
intense laser pulses. However experimentally, the situation
has been hampered by the lack of ultraintense far-UV laser
sources. Only evidence of atomic stabilization of Rydberg
states has been observed so far @13#.
Until recently, most simulations of stabilization in the
high-frequency, high-intensity regime have been performed
using the electric dipole approximation. In this approxima-
tion, the spatial dependence of the vector potential is ne-
glected, so that the magnetic-field component of the laser
pulse vanishes and an electron in the laser field undergoes
simple harmonic motion along the laser polarization direc-
tion. However, as the laser intensity increases, the dipole
approximation breaks down. Magnetic-field and relativistic
effects that can alter the stabilization dynamics become im-1050-2947/2001/64~1!/013411~11!/$20.00 64 0134portant @14#. This has been investigated in atomic hydrogen,
where calculations beyond the dipole approximation have
been carried out @15#. However, at the frequencies and inten-
sities investigated, nondipole effects were found to be small.
Classical Monte Carlo simulations are less intensive compu-
tationally, and therefore allow the influence of magnetic-field
and relativistic effects to be studied over a wide range of
laser parameters. In this way, it was shown that these effects
can indeed be detrimental to stabilization @16#. In addition,
relativistic and magnetic-field effects have been studied us-
ing a two-dimensional Dirac model @17#. The difficulty of
nondipole, nonrelativistic calculations for atomic hydrogen,
and numerically solving the Dirac equation in two dimen-
sions, has led to recent interest in using a nonrelativistic
two-dimensional model to investigate stabilization @18–21#.
The effects of the magnetic-field component of the laser are
accounted for in this model, and its reduced dimensionality
means that laser-atom interactions beyond the dipole ap-
proximation can be readily carried out @18#. However, being
nonrelativistic, the model describes electron dynamics only
to order 1/c . Nevertheless, nondipole effects can be signifi-
cant enough to modify the stabilization of an atom in the
nonrelativistic regime @18–22#.
The HFFT indicates that stabilization is to be expected
when the classical excursion of the electron is large com-
pared to the size of the unperturbed atom, and the photon
energy is sufficiently greater than the binding energy of the
atom in the laser field @4#. This adiabatic theory, very el-
egantly formulated using the KH frame transformation,
shows that the atomic structure of the atom in an intense,
high-frequency laser field is essentially determined by the
time average of an effective oscillating Coulomb potential in
the KH frame @4#. This static potential is referred to as the
KH potential. As the classical excursion amplitude increases,
the binding energy of the ground state of the KH potential
decreases. At the same time, the wave function becomes spa-
tially extended, and its ionization rate decreases. However, if
the excursion becomes too large, the electron velocity in the
electric-field polarization direction can couple—due to the
Lorentz force—with the magnetic-field component of the la-©2001 The American Physical Society11-1
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has been considered within the framework of the HFFT @23#,
and it was shown that very large excursion amplitudes are
required to substantially modify the atomic structure in the
laser field. For short intense laser pulses, the evolution of the
atom in the field is in general not adiabatic. In this case, the
magnetic-field can introduce a non-negligible force along the
propagation direction that can displace the electronic trajec-
tory many atomic units in the propagation direction @18,20#.
This is detrimental to stabilization, as we discuss in the
present paper.
We first introduce the two-dimensional model atom on
which our study is based. We next discuss the form of the
vector potential used to describe the laser pulse, and develop
a long-wavelength approximation in the stabilization regime.
Results obtained by numerically integrating the time-
dependent Schro¨dinger equation are then presented. Since
the effect of the magnetic drift on the atomic system depends
on how quickly the laser field is turned on and off, magnetic-
field effects over a range of laser pulse durations are inves-
tigated. We also numerically test the accuracy of the long-
wavelength approximation for a single laser pulse and for
two counterpropagating pulses. In both these cases, the rela-
tively simple form of the long-wavelength Hamiltonian al-
lows some general conclusions to be drawn concerning how
the influence of the magnetic-field component of the laser
depends on the laser pulse duration in the stabilization re-
gime.
II. TWO-DIMENSIONAL MODEL ATOM
We assume that the dynamics of the system are nonrela-
tivistic, and therefore can be described by the time-
dependent Schro¨dinger equation
i
]
]t
C~r,t !5S 12 @p1A~h!#21V~r ! DC~r,t !, ~1!
with r5(x ,y) and h5v(t2x/c), where v is the angular
frequency of the laser field and c is the speed of light. The
laser pulse is taken to be linearly polarized along yˆ so that
the laser pulse propagates in the xˆ direction. The magnetic-
field component of the laser is therefore polarized along zˆ.
The vector potential A(h) describes the laser pulse, and is
discussed in more detail in Sec. III. The scalar potential is
zero in the gauge used here. We point out that the motion of
a free electron, initially at rest, interacting with a laser pulse
described by the vector potential A(h), is confined to the x-y
plane. The spin of the electron is neglected, since it is not
expected to play an important role in governing the dynamics
for the laser parameters considered here @24#. Unless other-
wise indicated, we use atomic units ~a.u.!.
To model the Coulomb interaction between the electron
and the nucleus, we employ a two-dimensional ‘‘soft-core’’
potential @7#
V~r !52
1
Ar21a2
. ~2!01341The smoothing parameter a is used to avoid problems in two
dimensions associated with the Coulomb singularity at the
origin. We have set a50.80, so that the ground state has the
same binding energy as atomic hydrogen, i.e., 20.50. The
potential supports an infinite number of Rydberg series of
bound states. Starting from the ground state of the system,
Eq. ~1! is numerically integrated on an uniform grid using
either a split-step operator method or a Crank-Nicholson
scheme. Both methods are widely used for studying intense
laser-atom interactions, and they can be easily modified to
account for the spatially dependent vector potential.
The probability that the atom does not ionize during the
laser pulse is determined by projecting the wave function at
the end of the laser pulse onto the bound field-free states of
the atom,
Psurvival5(
n ,m
u^cnmuC~t!&u2, ~3!
where t is the pulse duration. The field-free states ucnm& are
labeled by their principal quantum number n and azimuthal
quantum number m. In cylindrical coordinates cnm(r)
5(2p)1/2Rnm(r)exp(2imf), so that the radial functions are
solutions of the differential equation
F2 12r ]]r S r ]]r D1 m22r2 1V~r !2EnmGRnm~r !50. ~4!
This equation was solved by expanding the Rnm(r) in terms
of B-spline functions, and then diagonalizing the resulting
B-spline representation of the radial Hamiltonian.
For our calculations using the Crank-Nicholson method,
the grid in both x and y was comprised of 2000 points, with
a grid spacing of 0.2. A mask function was employed in the
200 grid points along the edge of the grid. For the split-
operator calculations, 1024 points and a grid spacing of 0.44
were used in x and y. A mask was applied on the first and last
225 grid points along x, and the first and last 325 grid points
along y. The survival probability and the populations in the
bound states at the end of the pulse were calculated by ex-
panding the radial functions, Rnm(r), in terms of 425
B-spline functions for each m, with m527, . . . ,7. For m
50, 12 of the 425 radial functions corresponded to bound
states, while for umu57 seven were bound states. The low-
lying states obtained using a B-spline expansion correspond
to the physical states of the system, and the highly excited
states are ‘‘pseudostates’’ that can account for the remaining
excited states in the Rydberg series, as can be verified by
evaluating sum rules @25#. Survival probabilities calculated
from wave functions obtained using the Crank-Nicholson
and split-operator methods typically agree to better than 5%.
III. LASER FIELD
The laser field is described classically using a fully spa-
tially dependent vector potential that includes retardation,1-2
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1
vE2‘
h
E~h8!dh8, ~5!
with
E~h!5E0 f ~h!sin hyˆ . ~6!
The function f (h) is the laser pulse envelope, which is taken
to be trapezoidal. This function is nonzero for 0,h,vt .
The maximum electric-field strength of the pulse is E0. In
order to investigate the effects of the pulse duration t , we
have performed simulations for a range of durations while
keeping the same form of the pulse envelope. In particular,
we have used a pulse with an N-cycle linear turn-on, 2N
cycles of constant intensity, and a N-cycle turn-off, with N
51 –10. This N12N1N trapezoidal pulse has a total dura-
tion of t54N(2p)/v . Results obtained using the traveling
wave described by Eq. ~5! will be referred to throughout the
paper as the nondipole results.
In addition to using the spatially dependent vector poten-
tial, thereby completely accounting for the magnetic-field
component and retardation, we have integrated the time-
dependent Schro¨dinger equation using the dipole approxima-
tion, i.e., setting A(h)5A(vt), and taking A(vt) to defined
over all space. We have also considered the case of two
linearly polarized, counterpropagating pulses. In this case the
electric field of the two pulses is given by
E0
ˆE~h ,h8!5 2 @ f ~h8!sin h81 f ~h!sin h#y, ~7!
01341with h85v(t1x/c). At the origin, where the nucleus is lo-
cated, the electric field oscillates with the same amplitude as
for the single pulse case, while the magnetic-field vanishes:
the antinode of the electric field is precisely at the node of
the magnetic-field. Finally, we have performed calculations
using a long-wavelength approximation discussed in Sec. IV.
IV. LONG-WAVELENGTH APPROXIMATION
Because of its nonrelativistic origin, the Schro¨dinger
equation is invariant under Galilean transformations. On the
other hand, the laser fields considered in the nondipole case
@see Eq. 6# are Lorentz invariant, as they describe a laser
pulse propagating with speed c that satisfies the Maxwell
equations. This may lead to inconsistencies in our model
@26#. The first relativistic correction to the kinetic-energy op-
erator is of order 1/c2, while the Schro¨dinger equation is
accurate only up to first order in 1/c . However, the different
transformation properties of the laser pulse and the Schro¨-
dinger wave function will not give rise to problems as long
as we remain in an intensity and frequency regime where the
dynamics of the system remains nonrelativistic.
Indeed, it has been shown that a nonrelativistic regime
exists where nondipole effects can become important
@18,20#. Using the Lorentz force equations for a free electron
that is initially at rest and interacting with a laser pulse, the
force on and velocity of the electron along the propagation
axis are, to lowest order in 1/c ,
Fx~ t !5
1
2c
d
dt A
2~vt !, ~8!FIG. 1. Contour plots of the probability den-
sity during a four-cycle trapezoidal pulse ~one
cycle turn-on, two cycles constant intensity, and
one cycle turn-off!, with E0515 ~corresponding
to an intensity of 7.931018 W cm22) and v51
(\v527.2 eV). The electric field of the laser
field is polarized along the y direction, and the
pulse propagates along the positive x direction.
The upper row contains results obtained in the
dipole approximation ~D!, while the middle row
and low rows display the nondipole ~ND! and
counterpropagating ~CP! results, respectively.
The times of the snapshots are after the end of the
turn-on ~left column!, at the beginning of the
turn-off ~middle column!, and at the end of the
pulse ~right column!. The contour lines are on a
logarithmic scale. The same scale is used for all
the plots, with the darker regions indicating high
probability densities.1-3
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trapezoidal pulse ~ten-cycle turn-on, 20-cycle
constant intensity, and ten-cycle turn-off!. The
times of the snapshots are again at the end of the
turn-on ~left column!, at the beginning of the
turn-off ~middle column!, and at end of the pulse
~right column!. The broad, light gray areas of low
density seen after ten cycles are due to photoion-
ization during the relatively long pulse turn-on.
Striking differences are observed between the di-
pole ~D!, nondipole ~ND!, and counterpropagat-
ing ~CP! results.vx~ t !5
1
2c A
2~vt !. ~9!
In this approximation, both the electric and magnetic fields
of the laser are spatially homogeneous. Note that the
magnetic-field induces a velocity in the propagation direction
that is never negative. The displacement in the propagation
direction per laser cycle is, correct to order 1/c ,
x0’E0
2/~cv3!. ~10!
This result is valid when the ratio of the ponderomotive en-
ergy of the electron to its rest mass, E0
2/(4v2c2), is small,
i.e., the electron dynamics is essentially nonrelativistic. The
displacement of the electron in the propagation direction will
be important when it becomes comparable to the width of the
electron wave packet. Calling b the ratio of the maximum
velocity of the electron in the laser field to the speed of light,
b5E0 /vc , these two criteria imply that we must have
1
4 b
2!1,
1
ka b
2
, ~11!
where a is the width of the wave packet along the propaga-
tion direction, and k5v/c . This, in turn, implies that ka
!1. One recognizes this as the usual requirement for the
applicability of the electric dipole approximation. However,
in contrast to the dipole approximation, the magnetic-field
component of the pulse is now no longer zero.
A long-wavelength approximation can also be obtained
by expanding the vector potential in powers of 1/c , and re-
taining only the lowest-order contribution beyond the dipole01341approximation in Hamiltonian. For a pulse of duration t , the
vector potential is expanded as
A~h!5H A~vt !1S xc 2 x22c2 ddt 1 D E~vt !, 0,h,vt
0 otherwise.
~12!
The wavelength l52pc/v is much larger than the rel-
evant atomic dimensions along the propagation direction;
therefore, we can neglect retardation, and simply assume that
A~h!5A~vt !1S xc 2 x22c2 ddt 1 D E~vt ! ~13!
for all values of h . As the motion of a classical electron in
the laser pulse can be well approximated by a solution of the
Lorentz equations that is correct to order 1/c , we consider the
following expression, correct to order 1/c , for the Hamil-
tonian of the system:
H.
1
2 @p1A~vt !#
21
x
c
@p1A~vt !#E~vt !1V~r !.
~14!
This expression can be further simplified by making use of
the fact that the momentum distribution of the electron wave
packet in the high-frequency, high-intensity regime is
strongly centered about zero, particularly along the laser po-
larization axis y. Therefore, we can make the additional ap-
proximation1-4
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1
2 @p1A~vt !#
21
x
c
A~vt !E~vt !1V~r !. ~15!
Calculations using this Hamiltonian have been carried out
for a two-dimensional model atom @19,21# and for atomic
hydrogen @27#. A similar approximation to order 1/c in the
length gauge that neglects retardation effects was considered
in Ref. @28#.
For the counterpropagating pulses, the terms in 1/c cancel
at the points in space where the electric fields of the two
pulses are exactly the same. However, by ignoring the finite
spatial extend of the pulses ~i.e., ignoring retardation!, the
terms proportional to 1/c cancel everywhere, and the long-
wavelength approximation for the Hamiltonian describing
the atom interacting with two counterpropagating pulses is
H.
1
2 @p1A~vt !#
22
1
2
x2
c2
@p1A~vt !# ddt E~vt !1V~r !.
~16!
As before, this can be further simplified to
H.
1
2 @p1A~vt !#
22
1
2
x2
c2
A~vt ! ddt E~vt !1V~r !.
~17!
Numerical results obtained using the approximate long-
wavelength Hamiltonians given by Eqs. ~14!–~17! will be
discussed in Secs. VI and VII below.
V. NUMERICAL RESULTS
All of the numerical results presented here were obtained
for an angular frequency of v51 (\v527.2 eV). This is a
typical value used in studies of atomic stabilization, and can
be considered a compromise between the asymptotically
high frequencies required to give nondecaying bound states
in the field, and what can be expected in the near future from
intense free-electron laser sources.
Figures 1 and 2 show contour plots of the calculated prob-
ability density uC(r,t)u2 in the x-y plane at different times
during the pulse. The maximum electric-field amplitude was
taken to be E0515, corresponding to a peak intensity of
7.931018 W cm22. This intensity is sufficiently high to give
rise to a non-negligible displacement in the propagation di-
rection, while it is low enough so that the quiver motion of
the electron remains nonrelativistic @see Eq. ~11!#. The same
logarithmic scale is used in all of the plots. The pulse propa-
gates in the positive x direction, and the electric field of the
laser is polarized along the vertical axis. The left, center, and
right columns, respectively, are the probability densities at
the end of the turn-on, the beginning of the turn-off, and at
the end of the pulse. The upper row corresponds to the re-
sults obtained in the dipole ~D! approximation, the middle
row to the nondipole ~ND! case ~i.e., the traveling-wave case
with the magnetic field component accounted for!, and the
lower row to the counterpropagating ~CP! case.
In Fig. 1, results for the shortest pulse considered, a four-
cycle ~11211 cycles! pulse, are shown. The three plots in01341the left-hand column ~the probability density at the end of
the turn-on! are similar, with the nondipole wave packet al-
ready showing a small left-right asymmetry. However, by
the end of the pulse, the effect of the magnetic-field drift in
the forward direction for the nondipole case, and in the for-
ward and backward directions for the counter-propagating
case, is evident. As the peak intensity is rapidly reached for
this short pulse, the electron behaves nearly as a free, spread-
ing wave packet in the field.
Results for a 40-cycle ~10120110 cycles! pulse, the
longest pulse considered, are shown in Fig. 2. The remaining
pulse parameters are the same as in Fig. 1. The columns
correspond to the wave-function density after ten cycles ~end
of the turn-on!, 30 cycles ~beginning of the turn-off!, and 40
cycles ~end of the pulse!, respectively. The same logarithmic
scale is used as in Fig. 1. The influence of the magnetic-
fielddrift in the nondipole case is now more striking, with the
electron probability distribution being pulled out in the pulse
propagation direction. For counterpropagating pulses, the
electron readily ionizes in the positive and negative x direc-
tions after the pulse turn-on. Counterpropagating pulses do
not improve the stability of the atom, as will be discussed
further below.
Surface plots of the probability density for a 16-cycle ~4
FIG. 3. Surface plots of the probability density after 12 cycles of
a 16-cycle trapezoidal pulse. The remaining laser parameters are the
same as in Fig. 1. For this pulse duration, the differences between
the dipole and nondipole simulations are the largest. In the dipole
approximation ~upper plot!, the wave function remains largely lo-
calized along the electric-field polarization axis. This is no longer
true when the magnetic-field component is accounted for ~nondi-
pole results, middle plot!. For the counterpropagating pulses ~lower
plot!, a significant fraction of the population has left the vicinity of
the nucleus due to the antinode instability there ~see the text!.1-5
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cycles! are shown in Fig. 3. The upper, middle, and lower
plots correspond, as before, to the dipole, nondipole, and
counterpropagating cases. The vertical scale is again loga-
rithmic. This alternative way of viewing the probability den-
sities illustrates again the importance of the magnetic-field.
The breaking of the symmetry about the polarization axis can
be seen as the electron density moves in the propagation
direction. Figure 4 again shows the probability density after
30 cycles ~at the beginning of the turn-off! of the 40-cycle
pulse. Along the electric-field polarization axis, the electron
can clearly be seen to be localized between 6a05615,
where a05E0 /v2 is the classical excursion amplitude of the
electron, as would be expected from the HFFT. For the non-
dipole and counterpropagating cases, the magnetic-field
competes with the nuclear force, leading to a series of small
escaping wave packets. Note that the force in the propaga-
tion direction is zero when the classical displacement along
the polarization direction is zero. The influence of the
nucleus can also be seen in Fig. 5, where the densities at the
end of the 40-cycle pulse are displayed. In the dipole case
~upper plot! the wave packet is nearly symmetric about the
FIG. 4. Same as Fig. 3, except that the probability density is
shown after 30 cycles of a 40-cycle trapezoidal pulse. For this
longer pulse, the wave packet calculated using the dipole approxi-
mation ~upper plot! remains localized near the nucleus between
2a0 and 1a0 along the electric-field polarization axis, where a0
515 is the classical electron excursion amplitude. When the influ-
ence of the magnetic field is included ~nondipole results, middle
plot!, this is no longer true. The magnetic-field-induced drift leads
to the ejection of a series of ionizing wave packets along the laser
propagation direction. For the counterpropagating pulse ~lower
plot!, most of the population has left the vicinity of the nucleus by
tunneling ~see text!.01341origin, while in the nondipole case ~middle plot! an electron
escaping along the propagation axis is now pushed back to
the nucleus. However, due to its inertia, it passes to the op-
posite side of the nucleus.
The survival probability and final-state populations ob-
tained by projecting the wave function at the end of the pulse
onto the field-free states are shown in Fig. 6 as functions of
the pulse duration. Results are represented by circles ~di-
pole!, triangles ~nondipole!, and squares ~counterpropagat-
ing!. Comparing the dipole and nondipole results, it is evi-
dent that the magnetic-field component of the laser pulse
strongly influences the stability of the atom, particularly for
pulse durations around 16 cycles. For very short pulses, the
interaction time is not long enough for the magnetic field to
cause a significant displacement of the electron along the
propagation axis. However, for the longest pulses consid-
ered, the more adiabatic laser-atom interaction means that
more population remains in the ground and low excited
states of the KH potential. For the nondipole case, this re-
duces the effect of the magnetic-field component of the laser.
However, for counterpropagating pulses, the survival prob-
ability decreases as the laser pulse duration is increased, with
two counterpropagating pulses leading to significantly more
ionization than a single laser pulse. In the subsequent two
sections, we look in more detail at how the pulse duration
affects the breakdown of the dipole approximation.
FIG. 5. Same as Fig. 3, except that the probability density is
shown at the end of a 40-cycle trapezoidal pulse. In the middle plot,
the nucleus is seen to pull the part of the wave function that drifted
in the pulse propagation direction back toward the nucleus. How-
ever, due to its kinetic energy, this part continues past the nucleus,
so that there is a substantial probability of finding the electron at
negative values of x. For the counterpropagating pulse ~lower draw-
ing!, little probability density remains in the vicinity of the nucleus.1-6
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Laser-atom interaction dynamics in the high-frequency,
high-intensity regime depend strongly on the duration of the
pulse. For pulses that are not ramped on too quickly, the
atom can be described by a single Floquet state @29#. Within
the framework of the HFFT, the lowest-order approximation
of this state would be the ground state of the KH potential
@4#. However, when the pulse duration is very short and E0 is
large, ionization is governed primarily by wave-packet
spreading. In this regime, a strong-field approximation can
be used to describe the evolution of the system @11,12,30#.
Between these two regimes, ionization and excitation occur
via ‘‘shake-up’’ and ‘‘shake-off’’ processes. Within the
HFFT, these processes correspond to nonadiabatic transitions
between bound and continuum Floquet eigenstates. In this
FIG. 6. Survival probability ~upper plot!, ground-state popula-
tion ~upper middle plot!, population in the odd-parity states ~lower
middle plot!, and population in the even-parity excited states ~lower
plot! at the end of the pulse as functions of the laser pulse duration.
As in the previous figures, E0515 and v51, and the pulse shape is
trapezoidal ~see the text!. Circles correspond to results obtained in
the dipole approximation ~D!, while triangles and squares are for
the nondipole ~ND! and counterpropagating ~CP! calculations, re-
spectively. Lines between the results are drawn to guide the eye.
Note that the difference between the dipole and nondipole survival
probabilities is maximum for a pulse length of 16 cycles, with the
dipole survival probability being overestimated by more than a fac-
tor of 2.01341intermediate regime, the initial evolution of the wave packet
is essentially that of a free electron, so long as the width of
the wave packet along the polarization direction is much
smaller than the classical electron excursion amplitude
@11,12#.
The range of pulse durations considered here spans the
very short pulse regime, where the evolution of the atom is
highly nonadiabatic, to the weakly nonadiabatic regime. The
origin of the differences between the dipole and nondipole
calculations in the very short pulse regime, in particular the
breakdown of the dipole approximation at relatively moder-
ate intensities and the improvement of the dipole approxima-
tion with increasing frequency, can be understood by consid-
ering the motion of a classical electron in the laser field @20#.
When the displacement of the wave packet in the propaga-
tion direction becomes comparable to the size of the initial
state, the dipole approximation is no longer applicable, as
discussed above. This is consistent with the probability den-
sities seen in Fig. 1, where the dynamics is essentially that of
a spreading free wave packet in the laser pulse.
Figures 2 and 4 illustrate the evolution of the atom in the
weakly nonadiabatic regime. To gain a better understanding
of the origin of the differences between the dipole and non-
dipole calculations in this regime, we now investigate the
applicability of the long-wavelength approximation intro-
duced above. The approximate Hamiltonians, in particular
Eq. ~15!, have a relatively simple form, and we first assess
their accuracy. In Fig. 7 the survival probability is shown as
a function of the electric field strength E0 for a 12-cycle
~31613 cycles! pulse. Shown are four curves: the dipole
results ~D!, the nondipole ~ND! results using the Hamiltonian
containing the exact vector potential, and the Hamiltonians
given by Eqs ~14! and ~15!. In the figure, the latter three
FIG. 7. Survival probability as a function of the maximum
electric-field strength, E0, of the laser pulse. A 12-cycle trapezoidal
pulse ~three-cycle turn-on and turn-off, and six-cycle constant in-
tensity! was used, and v51. Dipole ~D! and nondipole ~ND! re-
sults are shown, with the nondipole results obtained using the
Hamiltonian containing the fully spatially dependent vector poten-
tial @see Eq. ~5!# and the approximate Hamiltonians given by Eqs.
~14! and ~15!. Differences between the three nondipole calculations
cannot be distinguished in the figure.1-7
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considered, the calculations agree to about 1% indicating that
the long-wavelength approximation, and notably Hamil-
tonian ~15!, is an excellent approximation in this intensity
and frequency regime. Hence we use Eq. ~15! to obtain in-
sight into how the magnetic field influences the stabilization
dynamics for longer pulse durations.
We start by introducing the function C8(r,t) by
C~r,t !5expF i x2c A2~vt !GC8~r,t !. ~18!
Using this expression and Eq. ~15!, the wave function
C8(r,t) is found to be a solution of the time-dependent
Schro¨dinger equation
i
]
]t
C8~r,t !5S 12 F2i1A~vt !1 xˆ2c A2~vt !G
2
1V~r ! DC8~r,t !. ~19!
The spatially homogeneous terms are then transformed
away, yielding
i
]
]t
C9~r,t !5S 2 12 „22iFA~vt !1 xˆ2c A2~vt !G
1V~r ! DC9~r,t !, ~20!
with
C9~r,t !5expS i 12E tFA~vt8!1 xˆ2c A2~vt8!G
2
dt8DC8~r,t !.
~21!
Let us now consider this equation during the flat part of the
pulse. To lowest order in 1/c , the momentum of a classical
electron in the laser field is p(t)5A(vt)1xˆA2(vt)/(2c)
5(2Up /c cos2vt,va0cos vt), where Up5E02/(4v2) is the
ponderomotive energy, and a0 is the classical excursion am-
plitude. Separating the constant drift in the propagation di-
rection from the oscillating term, we write p(t)5(Up /c ,0)
1(Up /c cos 2vt,va0cos vt)5p¯ 1p0(t), so that
i
]
]t
C9~r,t !5S 2 12 „22i@p¯ 1p0~ t !#1V~r ! DC9~r,t !.
~22!
We next define a KH frame transformation by CKH(r,t)
5exp@r(t)#C9(r,t), where r(t)5* t0t p0(t8)dt8, and t0 is
the time at the end of the pulse turn-on. Note that r(t) de-
scribes the figure-of-8 trajectory of the electron, and does not
include the displacement due to the constant drift p¯ . In the
accelerating KH frame, Eq. ~22! becomes01341i
]
]t
CKH~r,t !5S 2 12 „22ip¯ 1V@ ur2r~ t !u# DCKH~r,t !.
~23!
Introducing a new wave function CKH8 (r,t), via the gauge
transformation
CKH~r,t !5expS 2ip¯ r1i 12p¯ 2t DCKH8 ~r,t !, ~24!
yields
i
]
]t
CKH8 ~r,t !5S 2 12 „21V@ ur2r~ t !u# DCKH8 ~r,t !.
~25!
At this point, a high-frequency approximation can be made,
i.e., it is assumed that the dynamics of the system is essen-
tially governed by the cycle average of the potential V@ ur
2r(t)u# . In the dipole approximation, this entails taking the
cycle average of the potential V@ ur2a(t)u# , where a(t)
5(0,a0sin vt) describes the simple harmonic motion of the
electron along the polarization direction. Since the ratio of
the excursion amplitude along the propagation direction to
the excursion amplitude along the polarization direction is
E0 /(8cv).0.01 for E0515 and v51, the eigenstates of
the cycle average of the potential V@ ur2r(t)u# will differ
very little from the eigenstates of the cycle average of the
potential V@ ur2a(t)u# @23#. This also means that the ioniza-
tion rates of the quasibound states of the two potentials can-
not be very different. We therefore replace V@ ur2r(t)u# by
V@ ur2a(t)u# . The high-frequency approximation then gives
i
]
]t
CKH8 ~r,t !.S 2 12 „21V0~r,a0! DCKH8 ~r,t !, ~26!
where
V0~r,a0!5
v
2pE0
2p/v
dtV@ ur2a~ t !u# ~27!
is the static KH potential. It is seen that CKH8 (r,t) satisfies
the time-dependent Schro¨dinger equation in the dipole and
high-frequency approximations. Therefore, for the laser in-
tensities and frequency considered here, the differences in
the survival probability between the dipole and nondipole
calculations can largely be attributed to nonadiabatic effects
during the turn-on and turn-off of the laser pulse. Hence, as
the laser turn-on and turn-off become longer, the evolution
of the system remains to a larger extent adiabatic and differ-
ences between the dipole and nondipole survival probabili-
ties should become smaller. This trend can be seen in the
results of Fig. 6. However, it must be borne in mind that the
simple model presented here does not appear to be able to
explain the series of ionizing wave packets seen in the
middle plot in Fig. 4, and that for a 40-cycle pulse the evo-
lution of the atom in the field is not yet adiabatic. The influ-1-8
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reduced further by imposing additional constraints on the
form of the laser pulse @27#.
VII. EFFECT OF THE MAGNETIC-FIELD COMPONENT:
COUNTERPROPAGATING PULSES
It would appear that the detrimental effect of the
magnetic-field could be eliminated by having the atom inter-
act with two counterpropagating laser pulses. Taking an elec-
tric field of the form given by Eq. ~7!, one sees that there are
fixed points in space where the magnetic-field vanishes,
while the electric field does not. In particular, the electric and
magnetic-fields during the flat part of the pulse are
E~h ,h8!5
E0
2 @sin h1sin h8#y
ˆ5E0cos~kx !sin~vt !yˆ ,
~28!
B~h ,h8!5
E0
2c @sin h2sin h8#z
ˆ52
E0
c
sin~kx !cos~vt !zˆ.
~29!
At x50 the electric field oscillates between 2E0 and E0, but
the magnetic-field vanishes for all times. Near x50 the mag-
netic field, of course, does not vanish. However, we have
seen that the magnetic-field component of the laser pulse
strongly affects the stabilization dynamics when counter-
propagating pulses are used. From our calculations, it is in
fact seen that counterpropagating pulses result in survival
probabilities that are smaller than those obtained for a single
pulse. Classical Monte Carlo simulations show a similar
trend @20#. We now look at this in more detail. We first
consider the classical dynamics of a free electron in the laser
field. This will give insight into the wave-packet dynamics in
very short pulses.
The initial ground state of the atom has a small spatial
distribution. However, for a pulse with a short turn-on, the
wave function evolves essentially as a free wave packet in
the laser field. This wave packet spreads considerably within
a few laser cycles ~see Fig. 1! into regions of space where the
magnetic-field can no longer be neglected. To understand its
influence on the electron, we consider the Lorentz equation.
To lowest order in x/c , the force along the x direction on the
electron in the laser pulse ~and in the absence of the nucleus!
is given by
Fx~x ,t !5
x
c2
A~vt ! ddt E~vt !. ~30!
The force will always act such that it drives the electron
away from the origin along the propagation axis. This is
detrimental to stabilization. Note that while the force Fx(x ,t)
is a factor ;xv/c smaller than Fx(t) defined in Eq. ~9!, it is
nevertheless comparable to the force due to the KH potential
that binds the electron ~in the dipole approximation!, as will
be discussed below. Let us consider an electron initially at
rest at the magnetic-field node x50. According to the Lor-
entz force, the velocity along the x axis will always be vx0134150. However, these trajectories are not stable. Introducing a
small displacement dx such that kdx!1 and the perturbation
dvx in the velocity along the x direction, the linearized equa-
tion of motion reads
ddvx
dt .2
E0
2dx
c2
cos2~vt !. ~31!
This equation can be solved in terms of even and odd
Mathieu functions. The solutions are always exponentially
growing, and the system is therefore unstable. We note that
this linear stability analysis is one way to show ~close to x
50) the well-known fact that the ponderomotive force tends
to concentrate electrons in regions where the electric field is
smallest.
We now look at the effect of counterpropagating pulses
from a quantum-mechanical point of view. As for the case of
a single pulse, we wish to gain insight into the weakly nona-
diabatic regime. Again, we first assess the applicability of the
long-wavelength approximations for the Hamiltonian, Eqs
~16! and ~17!. As in Fig. 7, four curves are plotted in Fig. 8.
However, now the dipole results ~D! are compared to the
counterpropagating ~CP! results using a Hamiltonian con-
taining the exact vector potential and the approximate
Hamiltonians given by Eqs ~16! and ~17!. Overall, the agree-
ment between the three sets of results is excellent, with only
slight differences appearing between the exact calculation
and the two approximate calculations when E0.17. Hence
we proceed by using the Hamiltonian given by Eq. ~17!. In
the time-dependent Schro¨dinger equation, as in Sec. VI we
transform away the spatially homogeneous term in the
Hamiltonian. Defining the KH transformation by CKH(r,t)
5exp@a(t)#C(r,t), we now have
i
]
]t
CKH~r,t !5S 2 12 „22 12 x2c2 A~vt ! ddt E~vt !
1V@ ur2a~ t !u# D CKH~r,t !. ~32!
FIG. 8. Same as Fig. 7, but survival probabilities in the dipole
approximation ~D! are now compared with results for two counter-
propagating ~CP! laser pulses. The latter results were obtained using
the Hamiltonian with the fully spatially dependent vector potential,
as well as the approximate Hamiltonians given by Eqs ~16! and
~17!. For E0,17, differences between these three calculations can-
not be distinguished in the figure.1-9
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the pulse. Making the high-frequency approximation yields
i
]
]t
CKH~r,t !.S 2 12 „22 E02x24c2 @11cos 2vt#
1V0~r,a0!D CKH~r,t !. ~33!
Ignoring the rapidly oscillating term, we see that the system
is governed by the effective time-independent potential
Veff~r!52E0
2x2/~4c2!1V0~r,a0!. ~34!
The sum of the two potentials gives rise to a potential barrier
in the propagation direction, so that the bound states of the
potential V0(r,a0) can ionize by tunneling. The effective
potential Veff(r) is plotted in Fig. 9 for E05a0515.
In Fig. 6, it is seen that increasing the laser pulse duration
results, for the dipole and nondipole calculations, in more
population in the ground state and comparatively less popu-
lation in excited states at the end of the pulse. The increas-
ingly adiabatic laser-atom interaction increases the probabil-
ity that the wave function will evolve into the ground state of
the KH potential, and decreases the probability that ‘‘shake-
off’’ ionization will occur. The net result is that the probabil-
ity of remaining in the ground state at the end of the pulse is
larger, in spite of the fact that the atom interacts with the
laser pulse for a longer time. This is not the case for the
counterpropagating pulses. The results in Fig. 6 show that
making the laser-atom interaction longer does not increase
the probability of finding the atom in the ground state after
the pulse. In this case, the greater probability of remaining in
the ground state of the KH potential due to the more adia-
batic pulse turn-on is negated by the relatively large tunnel-
ing rate of the wave function through the potential barrier.
We also note that the additional nondipole term appearing in
the Hamiltonian is proportional to the intensity of the laser
field, while the ‘‘average depth’’ of the cycle-averaged KH
potential V0(r,a0) decreases as a0 increases. This means
that even within an adiabatic picture, the system quickly be-
comes increasingly unstable as the laser intensity increases,
since the potential barrier formed by the sum of the two
potentials is lowered.
FIG. 9. Surface plot of the effective potential given by Eq. ~34!,
with E05a0515.013411Finally, considering the fact that for counterpropagating
pulses a correction of order 1/c2 has a larger influence than
the correction of order 1/c for a single pulse, one may won-
der why the correction of order 1/c2 may be neglected in the
latter case. Using the long-wavelength expansion @Eq. ~12!#,
the Hamiltonian for a single traveling pulse is, to order 1/c2,
H.
1
2 @p1A~vt !#
22F x2c ddt 2 x24c2 d2dt2GA2~vt !1V~r !.
~35!
During the flat part of the pulse, d2A2(vt)/dt25
22E0
2cos 2vt. Classically, it is easily shown that the term in
1/c2 gives rise to a small correction that, compared to the
correction in 1/c can be neglected, in accordance with the
results of the quantum mechanical calculations shown in Fig.
7.
VIII. CONCLUSIONS
We have presented results of numerical simulations per-
formed with a two-dimensional model atom interacting with
an intense laser pulse in which the magnetic-field component
of the laser pulse is included ~i.e., the electric-dipole ap-
proximation is not assumed!. We have demonstrated that the
magnetic-field induces a drift along the propagation direction
that is sufficient to disrupt the electron dynamics required for
atomic stabilization. The influence of the laser pulse duration
on the breakdown of the dipole approximation was analyzed
by comparing with calculations in the dipole approximation.
Significant differences were found, particularly for pulse du-
rations of around 16 cycles. We have also introduced and
tested a simple long-wavelength approximation. The accu-
racy of this approximation makes it a natural starting point
for extending existing stabilization models so that the effect
of the magnetic-field component of the laser pulse is ac-
counted for. We have shown that having the atom interact
with a standing wave, with the atom placed in a node of the
magnetic field, leads to even more ionization than the case in
which an atom interacts with a single laser pulse of the same
intensity. This surprising result is explained in the very short
pulse regime by the fact that a classical electron’s dynamics
is unstable at the node, while for pulses with a longer turn-on
it is due to the quantum tunneling through an effective po-
tential barrier determined by a cycle-averaged potential in
the KH frame.
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